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1. Introduction
The Lusternik–Schnirelmann category of a manifold X , denoted by cat(X), is a numerical homotopy invariant which
gives a lower bound for the number of critical points of any smooth function on X . This homotopy invariant is not yet
determined even for all compact simple Lie groups. Among them, only SU(n) is known for the general case n [15]. For the
case of Spin(n), Iwase, Mimura, and Nishimoto [10] determined cat(Spin(7)) = 5 and cat(Spin(8)) = 6, and more recently
Iwase and Kono [9] determined cat(Spin(9)) = 8 by computing the module category weight of Spin(9) which gives the sharp
lower bound for cat(Spin(9)).
In this paper we compute the category weight and the module category weight of Spin(n) for the general case to give a
lower bound for the Lusternik–Schnirelmann category of Spin(n).
This paper is organized as follows. In Section 2, we list some known facts, which will be used in the following sections.
In Section 3, we compute the cup length of Spin(n) to obtain the category weight. In Section 4, we analyze several spectral
sequences including the spectral sequence of Stasheff’s type to obtain the module category weight of Spin(n). Since we
concentrate on F2 coeﬃcients, all homology in this paper are considered to be the homology with F2 coeﬃcients unless
speciﬁcally mentioned.
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Throughout this paper the subscript of an element always means the degree of the element. For example, the degree
of xi is i. Let E(x) be the exterior algebra on x and F2[x] be the polynomial algebra on x and Γ (x) be the Hopf algebra
which is generated as an algebra by γi(x) for i = 0,1, . . . with the product
γi(x)γ j(x) =
(
i + j
i
)
γi+ j(x)
and coproduct

(
γn(x)
)= n∑
i=0
γn−i(x) ⊗ γi(x).
Let V (xi1 , . . . , xit ) be the commutative associative algebra over F2 such that
(1) {(xi1 )i , . . . , (xit )i : i = 0,1} is a basis.
(2)
(xiq )
2 = xis if 2iq = is for some 1 s t,
(xiq )
2 = 0 otherwise.
It is well known [14, Chapter 4, Theorem 2.19] that
H∗
(
Spin(n)
)∼= V (xi: 3 i  n − 1 and i = 2 j)⊗ E(z2s+1−1),
Sqr(xi) =
(
i
r
)
xi+r, (2.1)
where s is an integer such that 2s < n 2s+1.
The Lusternik–Schnirelmann category of a space X is deﬁned to be minimal number n such that there exists an open
covering {U1, . . . ,Un+1} of X with each Ui contractible in X .
Every space X has a ﬁltration given by the X-projective k-space Pk(Ω X) [16, Deﬁnition 13] of its loop space Ω X .
Then there is a sequence of quasi-ﬁbration {pk : Ek(Ω X) → Pk−1(Ω X); k  1} with the ﬁbre Ω X such that Ek has the
homotopy type of the k-fold join of X and Pk has the homotopy type of the mapping cone of pk [16]. Let em : Pm(Ω X) →
P∞(Ω X)  X be the inclusion map, then we can pose the following problems:
(1) Find the minimal number m such that (em)∗ : H∗(X;Fp) → H∗(Pm(Ω X);Fp) is a monomorphism.
(2) Find the minimal number m such that (em)∗ : H∗(X;Fp) → H∗(Pm(Ω X);Fp) is a split monomorphism of modules over
the Steenrod algebra, that is, there is an epimorphism φm : H∗(Pm(Ω X);Fp) → H∗(X;Fp) which preserves all Steenrod
actions and φm ◦ (em)∗ ∼= 1H∗(X;Fp) .
(3) Find the minimal number m such that there is a map σ : X → Pm(Ω X) such that em ◦ σ  1X .
We can deﬁne another homotopy invariants such as category weight wgt(X;Fp), module category weight Mwgt(X;Fp) as
follows [9]:
wgt(X;Fp) =min
{
m
∣∣ (em)∗ is a monomorphism},
Mwgt(X;Fp) =min{m
∣∣ there is such an epimorphism φm}.
The following is the well-known theorem by Ganea [4]:
Theorem 2.2. Let X be a connected space. Then cat(X)m if and only if there is a map σ : X → Pm(Ω X) such that em ◦ σ  1X .
Then, we have the following relation:
Theorem 2.3. For a connected space X, wgt(X;Fp) Mwgt(X;Fp) cat(X).
3. Category weight of Spin(n)
For a simply connected space X and given a path-loop ﬁbration, Ω X → P X → X , we consider the Rothenberg–Steenrod
spectral sequence {E∗,∗r ,dr} converging to H∗(X;Fp) [13,17] with
(1) E2 ∼= CotorH∗(Ω X;Fp)(Fp,Fp);
2372 Y. Choi / Topology and its Applications 156 (2009) 2370–2375(2) Es,t∞ ∼= F sHs+t(X;Fp)/F s+1Hs+t(X;Fp) where
Fq+1Hn(X;Fp) ∼= ker
{
(eq)
∗ : Hn(X;Fp) → Hn
(
Pq(Ω X);Fp
)}
.
Hence for all sm+ 1,
Es,∗∞ = 0 ⇔ F sH∗(X;Fp) = F s+1H∗(X;Fp)
⇔ ker(es−1)∗ = ker(es)∗.
Since wgt(X;Fp) is the minimum number m such that ker(em)∗ = 0, wgt(X;Fp) can be deﬁned as the minimal number
m such that Es,∗∞ = 0 for all s  m + 1. Hence wgt(X;Fp) is f p(X), which is called the Fp-ﬁltration length of X in [17,
Deﬁnition II-A-5].
The space Pm(Ω X) is homotopy equivalent to the m-th Ganea space Gm(X) deﬁned in [3] (see the proof of Theorem 1.1
in [8]), so the Rothenberg–Steenrod spectral sequence associated with the ﬁltration of P∞(Ω X)  X given by {Pm(Ω X) |
m  0} coincides with the Rothenberg–Steenrod spectral sequence associated with that of G∞(X)  X given by {Gm(X) |
m  0}. In fact, the ﬁltration length f p(X) is deﬁned in terms of the homology Rothenberg–Steenrod spectral sequence
in [17]. But f p(X) can be interpreted in terms of the cohomology spectral sequence dual to the homology spectral sequence
(see [17, Theorem III-A-7]). We refer to [2] for more generalized treatment of the Toomer’s ﬁltration length.
On the other hand, the Fp-cup length of X , cup(X;Fp), is deﬁned as the largest integer k such that there exist xi ∈
H˜∗(X;Fp), i = 1, . . . ,k, with a non-trivial cup product x1 · · · xk . Now we recall the following theorem:
Theorem 3.1. ([17, Theorem III-A-7]) Let σ ∗ : H∗(X;Fp) → H∗−1(Ω X;Fp) be the cohomology suspension, and let q : H∗(X;Fp) →
Q H∗(X;Fp) be the quotient map where Q H∗(X;Fp) = H˜∗(X;Fp)/H˜∗(X;Fp) · H˜∗(X;Fp) is the indecomposable elements of
H∗(X;Fp). If q(kerσ ∗) is generated by q(x1), . . . ,q(xn) and x1, . . . , xn have height ph1 , . . . , phn in H∗(X;Fp), then
wgt(X;Fp) − cup(X;Fp) =
n∑
i=1
(
phi − 1),
where height of xi is deﬁned to be phi if x
phi−1
i = 0 while xp
hi
i = 0.
Now consider the Eilenberg–Moore spectral sequence {E∗,∗r ,dr} converging to H∗(Ω X) with E2 ∼= TorH∗(X)(F2,F2). Since
the Eilenberg–Moore spectral sequence collapses at E2 for Spin(n) [1], the cohomology suspension is injective, that is,
kerσ ∗ = 0. By above theorem, we obtain wgt(Spin(n);F2) = cup(Spin(n);F2). Hence, computing the cup length would give
us the category weight.
Theorem 3.2. The category weight of Spin(n) is as follows:
(a) wgt(Spin(2n);F2) = wgt(Spin(2n + 1);F2) = 2n−1 × n − 2n + 2,
(b) wgt(Spin(2n + 2k + 2);F2) = wgt(Spin(2n + 2k + 1);F2) + 1 for all integer k 0,
(c) wgt(Spin(2n + 2k + 1);F2) = 2n−1 × n − 2n + 2 +∑ki=1 2νi − k for 1  k  2n−1 − 1 where νi , i = 1, . . . ,k, is the positive
integer such that 2k + 2 2νi (2i − 1) 4k.
Proof. (a) Note that H∗(Spin(2n)) ∼= V (xi | 3 i  2n − 1 and i = 2 j) ⊗ E(z2n−1). Since x2k = Sqk(xk) = x2k for any k  3, we
get x2
i−1
2 j+1 = 0, but x2
i
2 j+1 = 0 for 2n−i < 2 j+1 < 2n−i+1 for 1 i  n−1. Moreover |{x2 j+1: 2n−i < 2 j+1 < 2n−i+1}| = 2n−i−1.
So we obtain
cup
(
Spin
(
2n
);F2)=
n−1∑
i=1
2n−i−1
(
2i − 1)+ 1= 2n−1 × n − 2n + 2.
Since H∗(Spin(2n + 1)) is exactly same as H∗(Spin(2n)) except the difference of the degree of z2s+1−1 in (2.1),
wgt(Spin(2n);F2) = wgt(Spin(2n + 1);F2).
(b) Compared to H∗(Spin(2n + 2k + 1)), H∗(Spin(2n + 2k + 2)) has one more odd degree generator of exterior algebra.
(c) If we let φ(m) = 2l where l is the largest natural number such that 2l|m, then φ(2n + j) = φ( j) for j  2n −1. Now let
αi and ναi , i = 1, . . . ,k, are natural numbers such that 2n + 2k + 2 2ναi (2αi − 1) 2n+1 + 4k. Then
∑k
i=1 2νi =
∑k
i=1 2
ναi
where νi is the integer such that 2k + 2 2νi (2i − 1) 4k. 
For example of the case of wgt(Spin(23);F2), ﬁrst we get wgt(Spin(17);F2) = 23 × 4 − 24 + 2 = 18 and 2k = 6. From
8 2νi (2i − 1) 12 for i = 1,2,3, we get 2ν1 = 8, 2ν2 = 4, 2ν3 = 2. Hence
wgt
(
Spin(23);F2
)= 18+ 14− 3 = 29.
Y. Choi / Topology and its Applications 156 (2009) 2370–2375 23734. Module category weight of Spin(n)
We analyze the Rothenberg–Steenrod spectral sequence converging to H∗(Spin(n)) with E∗,∗2 ∼= CotorH∗(Ω Spin(n))(F2,F2)
in order to get module category weight of Spin(n). This requires understanding of the coalgebra structure of H∗(Ω Spin(n)).
We can express H∗(Spin(n)) from (2.1) as follows:
H∗
(
Spin(n)
)∼= V (xi: 3 i  n − 1, and i = 2 j)⊗ E(z2s+1−1) ∼= F2
[
x2i+1: 1 i 
n − 3
4
]/(
(x2i+1)2
αi )
⊗ E
(
x2i+1:
n − 2
4
 i  n − 2
2
)
⊗ E(z2s+1−1) (4.1)
where (2i + 1)2αi−1  n− 1 < (2i + 1)2αi and 2s < n 2s+1.
To get the coalgebra structure of H∗(Ω Spin(n)), we consider the Eilenberg–Moore spectral sequence converging to
H∗(Ω Spin(n)) with
E2 ∼= TorH∗(Spin(n))(F2,F2) ∼= E
(
a2i: 1 i 
n − 3
4
)
⊗ Γ
(
c(2i+1)2αi−2: 1 i 
n − 3
4
)
⊗ Γ
(
a2i:
n − 2
4
 i  n − 2
2
)
⊗ Γ (c2s+1−2).
Since E2 concentrates in the even dimensions, the spectral sequence collapses at the E2-term, i.e., E2 = E∞ . There is no
coalgebra extension problem in such a spectral sequence [11, Proposition 2.8]. So as a coalgebra
H∗
(
Ω Spin(n)
)∼= E
(
a2i: 1 i 
n − 3
4
)
⊗ Γ
(
c(2i+1)2αi−2: 1 i 
n − 3
4
)
⊗ Γ
(
a2i:
n − 2
4
 i  n − 2
2
)
⊗ Γ (c2s+1−2).
Since {(2i + 1)2αi−1: 1 i  n−34 } ∪ {2s} = {2i: [n/2] 2i  n − 1, and 2i = 2 j} ∪ {2s} = {2i: [n/2] 2i  n − 1}, we get
{(2i + 1)2αi − 2: 1  i  n−34 } ∪ {2s+1 − 2} = {2i: n − 2  2i  2n − 4} = {4i + 2: n−44  i  n−32 }. As a coalgebra we can
rewrite H∗(Ω Spin(n)) as follows:
H∗
(
Ω Spin(n)
)∼= E
(
a2i: 1 i 
n − 3
4
)
⊗ Γ
(
a2i:
n − 2
4
 i  n − 2
2
)
⊗ Γ
(
c4i+2:
n − 4
4
 i  n − 3
2
)
.
Note that compared to the coalgebra structure, the algebra structure of H∗(Ω Spin(n)) is complicated because of many
non-trivial algebra extensions in the above spectral sequence [1].
Consider the Rothenberg–Steenrod spectral sequence converging to H∗(Spin(n)),
E∗,∗2 ∼= CotorH∗(Ω Spin(n))(F2,F2) ∼= F2
[
x1,2i: 1 i 
n − 3
4
]
⊗ E
(
x1,2i:
n − 2
4
 i  n − 2
2
)
⊗ E
(
z1,4i+2:
n − 4
4
 i  n − 3
2
)
.
Then, we can analyze non-trivial differentials of the spectral sequence from information (4.1) of H∗(Spin(n)) as follows: For
z1,4i+2, n−44  i 
n−3
2 except z1,2s+1−2 for 2
s < n 2s+1, we have the following differential:
d2μ j−1(z1,4i+2) = x2
μ j
1,2 j
for some x1,2 j and μ j satisfying (2 j + 1)2μ j = 4i + 4. In fact, 2μ j is determined by the relation, (2 j + 1)2μ j−1  n − 1 <
(2 j + 1)2μ j . Then we get H∗(Spin(n)) in (4.1) by letting x1,2i = x2i+1 and z1,4i+2 = z4i+3.
We should get the information for H∗(P2(Ω Spin(n))) in order to reach the next step. As in [6,9], truncating the above
computation with the same differential d2μ j−1, we can compute the spectral sequence of Stasheff’s type converging to
H∗(Pm(Ω Spin(n))). Let A = H∗(Spin(n)) in (4.1). Then like the result in [9, Proposition 2.1], as for low m we have the
following result:
H∗
(
Pm
(
Ω Spin(n)
))= A[m] ⊕ ∑
n−4
4 i n−32 , i =2s−1−1
z4i+3 · A[m−1] ⊕ Sm for 1m 3,
as modules, where
2374 Y. Choi / Topology and its Applications 156 (2009) 2370–2375(1) A[m], (m  0) denotes the quotient module A/Dm+1(A) of A by the submodule Dm+1(A) ⊆ A generated by all the
products of m + 1 elements in positive dimensions in A,
(2) z4i+3 · A[m−1] denotes a submodule corresponding to a submodule in A ⊗ E(z4i+3) where z4i+3 · A[m−1] denotes the
partial product in the sense introduced in [9, Section 3],
(3) Sm is the submodule of H∗(Pm(Ω Spin(n))) such that Sm = δm ◦ (m)(∑mi=1 H˜∗(Ω Spin(n)) ⊗ · · · ⊗ H˜∗(Ω Spin(n)) ⊗
D︸︷︷︸
i-th place
⊗ H˜∗(Ω Spin(n)) ⊗ · · · ⊗ H˜∗(Ω Spin(n))) (see the diagram (3.3) and the deﬁnition following the diagram and the
proof of Theorem A in [6]) where D is the submodule of all decomposable elements in H∗(Ω Spin(n)), and (m) is an
isomorphism of degree m − 1 (see Lemma 2.2 and the deﬁnition following the lemma in [6]), and δm is the connecting
homomorphism of degree 1 for the Mayer–Vietoris exact sequence of Pm for m 1 (see the diagram (2.2) in [6]).
We refer to the papers [5–7] for more details for Sm . Now we compute the module category following the method used
in [9].
Theorem 4.1. For n 3, the module category weight is as follows:
Mwgt
(
Spin
(
2n + k);F2)wgt(Spin(2n + k);F2)+ 2 for 1 k 2n−1,
Mwgt
(
Spin
(
2n + k);F2)wgt(Spin(2n + k);F2) for 2n−1 + 1 k 2n.
Proof. We can obtain Sq2
n−1
(c2n+2n−1−2) = c2n+1−2 for n 3 in H∗(Ω Spin(2n + 1)) from the result in [12, Proposition 3.4].
Therefore we get
Sq2
n−1
(z2n+2n−1−1) = z2n+1−1
in H∗(P1(Ω Spin(2n + 1))). Note that there is no generator of degree 2n + 2n−1 − 1 in H∗(Spin(2n + 1)). Now consider
Sq2
n−1
(z2n+2n−1−1) = z2n+1−1 modulo S2 in H∗(P2(Ω Spin(2n + 1))). Then we have
S2 = δ2 ◦ (2)
(
D ⊗ H˜∗(Ω Spin(2n + 1))+ H˜∗(Ω Spin(2n + 1))⊗ D)
where (2) is a homomorphism of degree 1 and δ2 of degree 1.
Since H∗(Ω Spin(2n+1)) is even-dimensional and δ2◦(2) is of degree 2, S2 is even-dimensional. So Sq2n−1 (z2n+2n−1−1) =
z2n+1−1 in H∗(P2(Ω Spin(2n + 1))). Then in H∗(P2n−1×n−2n+3(Ω Spin(2n + 1))), we have
Sq2
n−1(
z2n+2n−1−1xs1α1 · · · x
s j
α j
)= z2n+1−1xs1α1 · · · xs jα j
where xs1α1 · · · x
s j
α j represent all elements except z2n+1−1 in H∗(Spin(2n + 1)). Note that wgt(Spin(2n + 1);F2) = 2n−1 × n −
2n + 2.
Suppose that there is an epimorphism
φ2n−1×n−2n+3 : H∗
(
P2
n−1×n−2n+3(Ω Spin(2n + 1)))→ H∗(Spin(2n + 1)).
Then we have the following diagram:
H∗(P2n−1×n−2n+3(Ω Spin(2n + 1))) φ2n−1×n−2n+3−→ H∗(Spin(2n + 1))
z2n+1−1x
s1
α1 · · · x
s j
α j −→ z2n+1−1xs1α1 · · · x
s j
α j
Sq2
n−1 ↑ Sq2n−1↑
z2n+2n−1−1x
s1
α1 · · · x
s j
α j −→ 0
Obviously this is a contradiction. Hence we conclude that
Mwgt
(
Spin
(
2n + 1);F2)> 2n−1 × n − 2n + 3= wgt(Spin(2n + 1);F2)+ 1,
that is, Mwgt(Spin(2n + 1);F2)wgt(Spin(2n + 1);F2) + 2.
Since Sq2
n−1
(z2n+2n−1−1) = z2n+1−1 in H∗(P1(Ω Spin(2n + k))) for 1 k 2n−1, by the same method we also obtain
Mwgt
(
Spin
(
2n + k);F2)wgt(Spin(2n + k);F2)+ 2 for 1 k 2n−1.
From now on, let k be between 2n−1 + 1 and 2n , i.e., 2n−1 + 1  k  2n . Then there is an element x2n+2n−1 in (2.1) for
H∗(Spin(2n +k)) which is x2n−13 = Sq3·2
n−2 · · · Sq6Sq3x3. That is, H∗(Spin(2n +k)) has a summand of the form F2[x3]/((x3)2n ).
So in bar construction, we get the transpotence c2n+1+2n−2 in H∗(Ω Spin(2n +k)) which is represented by [x2n−1 |x2n−1 ]. Note3 3
Y. Choi / Topology and its Applications 156 (2009) 2370–2375 2375that for H∗(Spin(2n + j)) for 1 j  2n−1, H∗(Spin(2n + j)) has a summand of the form F2[x3]/((x3)2n−1 ) and c2n+2n−1−2 is
the transpotence in H∗(Ω Spin(2n + j)) which is represented by [x2n−23 |x2
n−2
3 ].
This implies that there is no transpotence of degree 2n + 2n−1 − 2 in H∗(Ω Spin(2n + k)), so any generator of degree
2n + 2n−1 − 1 in H∗(P1(Ω Spin(2n + k))) does not exist. This means that z2n+1−1 cannot be of the form Sq2n−1 (z2n+2n−1−1).
Moreover z2n+1−1 is also not of the form Sq j(z4i+3) for any i and j  1 in H∗(P1(Ω Spin(2n + k))) from the results in [12].
So we cannot apply the method used in the case of 1 k  2n−1. Hence we do not obtain any positive difference between
the category weight and the module category weight. Hence we have
Mwgt
(
Spin
(
2n + k);F2)wgt(Spin(2n + k);F2). 
Below are some low cases from the above results and known facts in [9,10].
X wgt(X;F2) Mwgt(X;F2) cat(X)
Spin(3) 1 1 1
Spin(4) 2 2 2
Spin(5) 2 2 3
Spin(6) 3 3 3
Spin(7) 5 5 5
Spin(8) 6 6 6
Spin(9) 6 8 8
Spin(10) 7  9 ?
Spin(11) 9  11 ?
.
.
.
.
.
.
.
.
. ?
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